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Local electric current correlation function in
an exponentially decaying magnetic field
N. Sadooghi∗ and F. Taghinavaz†
Department of Physics, Sharif University of Technology, P.O. Box 11155-9161, Tehran-Iran
The effect of an exponentially decaying magnetic field on the dynamics of Dirac fermions in 3 + 1
dimensions is explored. The spatially decaying magnetic field is assumed to be aligned in the third
direction, and is defined by B(x) = B(x) ez, with B(x) = B0e
−ξx/ℓB . Here, ξ is a dimensionless
damping factor and ℓB = (eB0)
−1/2 is the magnetic length. As it turns out, the energy spectrum
of fermions in this inhomogeneous magnetic field can be analytically determined using the Ritus
method. Assuming the magnetic field to be strong, the chiral condensate and the local electric
current correlation function are computed in the lowest Landau level (LLL) approximation and the
results are compared with those arising from a strong homogeneous magnetic field. Although the
constant magnetic field B0 can be reproduced by taking the limit of ξ → 0 and/or x→ 0 from B(x),
these limits turn out to be singular, especially once the quantum corrections are taken into account.
PACS numbers: 11.15.-q, 11.30.Qc, 11.30.Rd, 12.20.-m, 12.20.Ds
I. INTRODUCTION
The effects of magnetic fields on systems containing
relativistic fermions are subject of intense theoretical
studies over the past two decades. These effects in-
clude a wide range, from condensed matter physics [1]
to high energy physics [2] and cosmology [3]. Theo-
retical studies deal in the most of these works with
the idealized limit of constant and homogeneous mag-
netic fields. However, this limit is only reliable as
long as the scale of field variation is much larger than
the Compton wavelength of the fermionic system. As
it is shown in [4], strong and homogeneous magnetic
fields lead to the formation of fermion bound states
even in the weakest attractive interaction between
the fermions. This phenomenon, known as magnetic
catalysis of dynamical chiral symmetry breaking [5], is
essentially based on a dimensional reduction from D
to D−2 dimensions in the presence of strong homoge-
neous magnetic fields in the regime of LLL dominance.
However, as it is demonstrated recently in [6], massless
Dirac electrons can also be confined by inhomogeneous
magnetic fields in graphene, which is a single layer of
carbon atoms in a honeycomb lattice. Electrons in
graphene are described by a massless two-dimensional,
time-independent relativistic Dirac equation. As it is
shown in [6], magnetic quantum dots can be formed,
if one neglects the effects of electron spin and solves
the Dirac equation in the presence of a square well
magnetic barrier of width 2d, B(x) = B(x)ez , di-
rected perpendicular to the graphene x−y plane, with
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B(x) = B0θ(d
2 − x2), and θ the Heaviside step func-
tion. A circularly symmetric magnetic quantum dot
arises then by a radially inhomogeneous magnetic field
B = B(r)ez (see [6, 7] for more details). In [8], the
bound state solutions and the spectra of graphene ex-
citations in the presence of an inverse radial magnetic
field, with B(r) ∼ 1r , is studied. Analytical solutions
for the Dirac equation in the presence of double or
multiple magnetic barriers are presented in [9]. The
bound spectra of electrons in a magnetic barrier with
hyperbolic profile is studied in [10].
In the present paper, we will focus, in particular,
on the solution of Dirac equation in the presence of
an exponentially decaying magnetic field. Analytical
solution of a quasi-two-dimensional Dirac equation in-
cluding the spin of a single electron in a magnetic field
of constant direction with arbitrarily strong exponen-
tially depending variation perpendicular to the field
direction is firstly presented in [11]. In [12], the prob-
ability density and current distributions of Dirac elec-
trons in graphene in the presence of an exponentially
decaying magnetic field are determined. The forma-
tion of chiral condensate induced by exponentially de-
caying magnetic fields, in 2+ 1 dimensions, is studied
in [13]. The vacuum polarization tensor of 3+1 dimen-
sional scalar Quantum Electrodynamics in the pres-
ence of an inhomogeneous background magnetic field,
arising from a general plane wave basis for the under-
lying gauge field, is computed recently in [14]. In order
to demonstrate the nonlocal features of quantum field
theory in the presence of inhomogeneous background
magnetic fields, the vacuum polarization tensor is de-
fined to be local. This turns out to be a useful task
providing local information about the nonlocal nature
of fluctuation-induced processes [14]. In the present
paper, following the same idea as in [14], we will de-
fine a local electric current correlation function (local
electric susceptibility), and compute it in the presence
of a strong and exponentially decaying magnetic field
in the LLL approximation. Eventually, we will com-
pare the result with the electric current correlation
function arising from a strong homogeneous magnetic
field and discuss the effects of inhomogeneity of the
background magnetic field.
The organization of the paper is as follows: In Sec.
II A, we will briefly review the Ritus eigenfunction
method [15] by solving the Dirac equation in the pres-
ence of a constant and homogeneous magnetic field. In
Sec. II B, we will introduce an exponentially decaying
magnetic field B(x) = B(x)ez , which is assumed to
be aligned in the third direction, with B(x) given by
B(x) = B0e
−ξx/ℓB . Here, ξ is a dimensionless damp-
ing parameter and ℓB = (eB0)
−1/2 is the magnetic
length. Using the Ritus method, the energy eigenval-
ues and eigenfunctions of a 3 + 1 dimensional Dirac
equation in the presence of B(x) will be determined.
In Sec. III, we will determine the chiral condensate
〈ψ¯ψ〉, using the fermion propagator in the presence
of strong homogeneous (Sec. III A) and exponentially
decaying magnetic fields (Sec. III B) in the LLL ap-
proximation. We will show that whereas 〈ψ¯ψ〉 in a
strong homogeneous magnetic field is constant, 〈ψ¯ψ〉
in an exponentially decaying magnetic field depends
nontrivially on a dimensionless variable u, defined by
u = 2ξ2 e
−ξx/ℓB . In Sec. IV, the local electric cur-
rent correlation function (local electric susceptibility)
χ(i) will be computed in the presence of strong ho-
mogeneous (Sec. IVA) and exponentially decaying
magnetic fields (Sec. IVB) in the LLL approxima-
tion. Here, i = 1, 2, 3 denotes the three spatial direc-
tions. As it turns out, in the regime of LLL dominance
the electric susceptibility in the perpendicular direc-
tion relative to the external magnetic field (i.e. for
i = 1, 2) vanishes in both homogeneous and inhomo-
geneous magnetic fields. The longitudinal component
of χ(i), denoted by χ‖, turns out to be constant in a
homogeneous magnetic field and depend nontrivially
on the dimensionless variable u in an exponentially de-
caying magnetic field. In Sec. V, we will compare the
results for the chiral condensate and the local electric
current correlation function arising from homogeneous
and inhomogeneous magnetic fields and show that the
limits ξ → 0 as well as x → 0 are singular. In other
words, although in the limits ξ → 0 and/or x→ 0, we
get B(x)→ B0, but the values of 〈ψ¯ψ〉 and χ‖ arising
from an exponentially decaying magnetic field in these
limits are not the same as 〈ψ¯ψ〉 and χ‖ arising from a
homogeneous magnetic field. This demonstrates the
nonlocal features of the quantum vacuum in a strong
and spatially decaying magnetic field. As is indicated
in Sec. VI, which is devoted to our concluding re-
marks, the results of this paper are relevant for high
energy physics as well as condensed matter physics.
II. ELECTRONS IN EXTERNAL MAGNETIC
FIELDS
Ritus eigenfunction method [15] is a powerful tool to
study the dynamics of electrons in external electro-
magnetic fields. It is recently used in [16] to solve the
Dirac equation in the presence of a uniform magnetic
field in 2+1 dimensions, a uniform electric field in 1+1
dimensions and an exponentially decaying magnetic
field in 2 + 1 dimensions (see also [13]). In [17, 18],
the Ritus method is used to solve the 3+1 dimensional
Dirac equation for massless fermions in the presence
of a constant magnetic field. In Sec. II A, we will
briefly review the results from [18] and will present
the solution of the Dirac equation for a single massive
electron in the presence of a constant magnetic field in
3 + 1 dimensions. This will fix our notations. In Sec.
II B, we will use the same method and will solve the
Dirac equation for a massive electron in an exponen-
tially decaying magnetic field. Our results coincide
with the result presented in [13], although our nota-
tions are slightly different. We will also present the
final form of the fermion propagator in the presence
of a uniform and an exponentially decaying magnetic
field in Secs. II A and II B, respectively. The results
presented in this section will then be used in Sec. III
to determine the chiral condensate, and in Sec. IV
the local electric current correlation function in the
presence of uniform and non-uniform magnetic fields.
A. Electrons in constant magnetic fields
Let us start with the Dirac equation of a single elec-
tron in 3 + 1 dimensional Minkowski space in a back-
ground electromagnetic field
(γ · Π−m)ψ = 0, (II.1)
where Πµ ≡ i∂µ − eAµ and Aµ is the electromag-
netic potential. Here, m and e are the electron’s mass
and electric charge, respectively. The aim is to solve
(II.1) and to eventually determine the fermion prop-
agator in the presence of background constant mag-
netic field B = B0ez, aligned in the third direction.
Such a constant magnetic field, is built, for instance,
by choosing the gauge field Aµ in the Landau gauge
as Aµ = (0, 0, B0x, 0). To solve (II.1), we use, as in
[16, 17], the Ansatz ψ = Epup˜. Here, Ep is a diagonal
2
matrix satisfying
(γ ·Π) Ep = Ep (γ · p˜), (II.2)
and up˜ is a free spinor, that describes an electron with
momentum p˜ and satisfies (γ ·p˜−m)up˜ = 0. The Ritus
eigenfunction Ep and the Ritus momentum p˜ in (II.2)
are unknown and shall be determined in what follows.
The matrix Ep is determined by solving the eigenvalue
equation
(γ · Π)2 Ep = p˜2Ep, (II.3)
that arises directly from (II.2). Using (γ ·Π)2 = Π2 +
e
2σ
µνFµν , with σ
µν ≡ i2 [γµ, γν ] and the field strength
tensor Fµν ≡ ∂µAν − ∂νAµ, with non-vanishing ele-
ments F12 = −F21 = B0, and choosing, without loss
of generality, the Dirac γ-matrices as γ0 = σ3 ⊗ σ3,
and γi = iσ3 ⊗ σi, where σi, i = 1, 2, 3 are the Pauli
matrices, (II.3) reads(
Π2 + σ12eB0
)
Ep = p˜
2
Ep. (II.4)
Here, σ12 = iγ1γ2 = I ⊗ σ3 with I a 2 × 2 identity
matrix. To solve (II.4), we use the fact that in the
Landau gauge, the operator (γ · Π) commutes with
Π0, Πj , j = 2, 3 and P ≡ − (γ · Π)2 + Π20 − Π23, and
therefore has simultaneous eigenfunctions with these
operators. The eigenvalues of these operators, defined
by the eigenvalue equations
Π0Ep = p0Ep, ΠjEp = pjEp, j = 2, 3, and
PEp = p Ep, (II.5)
label the solutions of Dirac equation (II.1) in the back-
ground magnetic field. Using (II.3), the definition of
P and (II.5), it can be shown that the four-momentum
p˜ satisfies p˜2 = p20−p23−p, and PEp = p Ep is therefore
given by(
∂2x − (p2 − eB0x)2 + σ12eB0
)
Ep = −p Ep. (II.6)
Before solving (II.6), let us determine the components
of Ritus momentum p˜, which turns out to play an
important role in this method. To do this, we consider
(II.2), and use the Ansatz
Ep =
∑
σ=±
∆σEp,σ, (II.7)
with the projectors [17]
∆σ ≡ diag (δσ,1, δσ,−1, δσ,1, δσ,−1) . (II.8)
Plugging first Ep from (II.7) in the left hand side
(l.h.s) of (II.2), and then comparing the resulting ex-
pression with the expression arising from the right
hand side (r.h.s.) of (II.2), where again Ep from (II.7)
and the Ansatz p˜ = (p0, 0, p˜2, p3) is used,
1 we ar-
rive at (II.6), with p given by p = p˜22. This will fix
p˜2 = −√p.2
Let us now turn back to the solution of (II.6),
whose form suggests a plane wave Ansatz in the 0, 2
and 3 directions,
Ep,±1(x¯) = e−ip¯·x¯f±p (x), (II.9)
where x¯ = (t, x, y, z) and p¯ = (p0, 0, p2, p3). Plugging
(II.9) in (II.7), and using ∆± = 12
(
1± iγ1γ2) for the
projectors defined in (II.8), the general solution for Ep
is given by
Ep(x¯) = e
−i(p0t−p2y−p3z)Pp(x), (II.10)
where
Pp(x) =
1
2
{[f+p (x) + f−p (x)] + iγ1γ2[f+p (x)− f−p (x)]}. (II.11)
To determine f±p (x), it is enough to replace Ep(x¯)
from (II.10) in (II.6) to arrive at(
∂2x − (p2 − eB0x)2 ± eB0
)
f±p (x) = −pf±p (x).(II.12)
Renaming the discrete quantum numbers
√
p in the
four-momentum p˜ by
√
p = sgn(eB0)
√
2|eB0|p, and
choosing a new coordinate ζ ≡
√
2
ℓB
(x− ℓ2Bp2), with ℓB
the magnetic length defined by ℓB ≡ |eB0|−1/2, the
differential equation in (II.12) can be reformulated in
the form of the differential equation of harmonic oscil-
lator, whose center lies in x¯0 = p2/eB0 and oscillates
with the cyclotron frequency ωc = 2eB0 [16],(
∂2
∂ζ2
+ p+
σ
2
sgn(eB0)− ζ
2
4
)
f±p (ζ) = 0. (II.13)
As it turns out, the solution to the above equation
can be given in terms of parabolic cylinder function
[16, 17]
φnσ (x) = anσ exp
(
− x
2
2ℓ2B
)
Hnσ
(
x
ℓB
)
,
with anσ ≡
1√
2nσnσ!ℓB
√
π
, (II.14)
where nσ is, in general, given by
nσ = p+
σ
2
sgn(eB0)− 1
2
. (II.15)
1 The form p˜2 = p20 − p23 − p suggests that p˜1 = 0. Moreover,
we have fixed p˜i = pi, i = 0, 3, where according to (II.5)
pi, i = 0, 3 are the eigenvalue of Πi, i = 0, 3, respectively.
2 Note that the general solution for p˜2 is either +
√
p or −√p.
Here, we have chosen p˜2 = −√p to have the same notation
as in [18].
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Here, p labels the energy (Landau) levels. In the rest
of this paper, we will work with eB0 > 0. According
to (II.15), for sgn(eB0) > 0, the condition that nσ ≥ 0
for p = 0, fixes the spin orientation of the electrons in
the LLL to be positive (σ = +1). In this case n+ will
be given by n+ = p for all values of p [17]. For this
specific choice, the final result for f±p (x) is the same
as the result presented in [18],
f+p (x) = φp
(
x− ℓ2Bp2
)
, p = 0, 1, 2, · · · ,
f−p (x) = φp−1
(
x− ℓ2Bp2
)
, p = 1, 2, 3, · · · .
(II.16)
Hence, for eB0 > 0, only the positive spin solution
f+0 (x) contributes in the LLL, characterized by p = 0.
In other words, f−0 (x) = f
+
−1(x) is undefined and is to
be neglected, whenever it appears in a computation.
The energy dispersion relation for an electron in
the presence of a constant magnetic field is determined
by the Ritus momentum
p˜p =
(
p0, 0,−
√
2eB0p, p3
)
, (II.17)
and is given by
Ep =
√
2eB0p+ p23 +m
2, p = 0, 1, 2, · · · . (II.18)
The Ritus eigenfunction Ep from (II.10) can be used
to determine the fermion propagator in the presence
of a uniform magnetic field. To do this, the Ansatz
ψ = Epup¯ for the electron is to be generalized to a sys-
tem including particles and antiparticles. Defining the
associated creation and annihilation operators, and
following the standard steps to determine the propa-
gator [19], the fermion propagator in the presence of
a constant magnetic field is given by (see also [18])
G(x¯, x¯′) ≡ 〈ψ(x¯)ψ¯(x¯′)〉
=
∞∑
p=0
∫
Dp¯ e−ip¯·(x¯−x¯′)Pp(x) i
(γ · p˜p −m) Pp(x
′),
(II.19)
where Dp¯ ≡ dp0dp2dp3(2π)3 , Pp(x) is given in (II.11) with
f±p (x) from (II.16), and the Ritus momentum p˜p is
given in (II.18). The same expression appears also
in [18]. Since we are working with eB0 > 0, and
the spin orientation of the electrons are already fixed
in the LLL to be positive, no spin projector appears
in (II.19), as in the fermion propagators presented in
[17]. To understand this, let us notice again that the
facts that LLL includes only the positive spin solution,
and that negative spin solutions contribute only to
the higher Landau levels, are explicitly implemented
in the choice p = 0, 1, 2, · · · for positive spin solution
f+p (x), and p = 1, 2, 3, · · · for negative spin solution
f−p (x) = f
+
p−1(x) in (II.16). In Sec. II B, we will use
the above method to determine the energy dispersion
relation and the propagator for electrons in the pres-
ence of exponentially decaying magnetic fields.
B. Electrons in exponentially decaying magnetic
fields
In this section, the Ritus eigenfunction method will be
used to determine the energy levels of a single fermion
in the presence of an exponentially decaying magnetic
field B(x) = B0e
−αxeˆz, aligned in the third direc-
tion. Here, B0 is the magnetic field at x = 0, α is a
dimensionful damping parameter. Later, we will set
α = ξ
√
eB0, where ξ is a given dimensionless damp-
ing parameter and eB0 > 0. The dynamics of this
electron in such an inhomogeneous magnetic field is
described by the Dirac equation (II.1). To solve it,
we fix the gauge, in contrast to the previous case, by
Aµ(x) =
(
0, 0,−B0α (e−αx − 1), 0
)
, as in [13]. With
this choice of Aµ, the case of constant magnetic field
will be recovered by taking the limit α→ 0 (or equiv-
alently ξ → 0) in the classical level. Using the Ansatz
ψ = Ep¯up˜, with Ep satisfying (II.2), and following the
same steps leading from (II.2) to (II.6), we arrive at
[
∂2x −
(
i∂y − eB0
α
(e−αx − 1)
)2
+ σeB0e
−αx
]
Ep
= −p Ep, (II.20)
where σ = ±1 are the eigenvalues of third Pauli ma-
trix, σ3 = diag(1,−1). Using in analogy to (II.7), a
plane wave Ansatz for Ep,
3
Ep(ρ) =
∑
σ=±
∆σEp,σ(ρ), (II.21)
with ∆σ defined in (II.8), and Ep,σ(ρ) = e
ip¯·x¯F knσ (u),
we arrive first at[
u2
∂2
∂u2
+ u
∂
∂u
− u
2
4
+
(
pˆ2
α
+
σ
2
)
u+
(p− pˆ22)
α2
]
F knσ (u) = 0. (II.22)
In the above equations, ρ ≡ (t, u, y, z) where u is a
dimensionless variable defined by u ≡ 2α2 eB0e−αx.
Moreover, pˆ2 = p2 + eB0/α, and (x¯, p¯) are given as
3 Note that the plane wave Ansatz is justified by [P, i∂3] =
[P, i∂0] = 0, where P is defined by P = −(γ ·Π)2 +Π20−Π23,
as in Sec. II A.
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in the previous section [see below (II.9)]. Comparing
(II.22) with the differential equation[
u2
∂2
∂u2
+ u
∂
∂u
− u
2
4
+
(2n+ k + 1)
2
u− k
2
4
]
Φkn(u) = 0, (II.23)
satisfied by
Φkn(u) =
√
n!
(n+ k)!
e−u/2ek/2Lkn(u), (II.24)
where Lkn(u) is the associated Laguerre polynomial,
the quantum numbers k and nσ are given by
k =
2
α
√
pˆ22 − p, and
nσ =
σ
2
− 1
2
+
pˆ2 −
√
pˆ22 − p
α
. (II.25)
Note that the indices k and nσ in Lknσ are to be posi-
tive integers. This implies the following quantization
for pˆ2 and p
⌊ pˆ2
α
⌋ ≡ s, and p ≡ α2(s2 − r2), (II.26)
leading to k = 2r, with r > 0, and
nσ =
σ
2
− 1
2
+ s− r. (II.27)
In (II.26), ⌊a⌋ is the greatest integer less than or equal
to a. As it is shown in [11–13], s = ⌊p2/α⌋ is associ-
ated with certain constant length ℓ0 ≡ eαx0√eB0 , through
the relation
s = ⌊ pˆ2
α
⌋ = ⌊ 1
(αℓ0)2
⌋, (II.28)
where x0 is a fixed length. At this stage, let us com-
pare, nσ from (II.27) with nσ appearing in (II.15) for
eB0 > 0.
4 As it turns out, in the case of exponentially
decaying magnetic field, s− r labels the energy levels.
In analogy to the case of constant magnetic field, to
keep nσ from (II.27) positive, the electron spin orien-
tation σ in the lowest energy level, characterized by
s − r = 0, is fixed to be positive (σ = +1). In this
case, we have n ≡ n+ = s − r. What concerns the
quantum numbers r and s, for r > 0, we get s ≥ r,
that guarantees n = s − r ≥ 0. In analogy to the
solutions (II.16), for the constant magnetic fields, we
arrive therefore at
F 2rn (u) ≡ F 2rn+(u) = Nn,re−
u
2 urL2rn (u), (II.29)
4 Comparing to (II.15), nσ from (II.27), is in general given by
nσ =
σ
2
sgn(eB0)− 12 + s− r.
with n = s−r = 0, 1, 2, · · · , for positive spin solutions
and
F 2rn−1(u) ≡ F 2rn−(u) = Nn−1,re−
u
2 urL2rn−1(u), (II.30)
with n = s−r = 1, 2, 3, · · · , for negative spin solutions.
Using the orthonormality relations of associated Leg-
endre polynomials L2rn , the normalization factor Nn,r
is given by
Nn,r ≡
√
n!
(n+ 2r)!
.
Using finally the projection matrices ∆± = 12 (1 ±
iγ1γ2), the solution for En can be brought in the form
similar to the Ritus eigenfunction (II.10) and (II.11)
for constant magnetic field,
Ep(ρ) = e
−i(p0t−p2y−p3z)P 2rn (u), (II.31)
with
P 2rn (u) =
1
2
{
[F 2rn (u) + F
2r
n−1(u)] + iγ
1γ2[F 2rn (u)− F 2rn−1(u)]
}
.
(II.32)
Using the orthonormality conditions for the associ-
ated Laguerre polynomials, L2rn (u), presented in App.
A, it is straightforward to derive the closure and the
orthonormality relations for Ep,
α
∞∑
r=1
∞∑
s=r
∫
d2p‖
(2π)2
Ep(ρ)E¯p(ρ
′) = δˆ(ρ− ρ′), (II.33)
as well as∫
Dρ Ep(ρ)E¯p′ (ρ) = α−1δ2(p‖ − p′‖)δs,s′Πsr,r′ .(II.34)
In the above relations, α ≡ ξ√eB0, E¯p(ρ) ≡
γ0E
†
p(ρ)γ0, p‖ ≡ (p0, p3) and δˆ(ρ−ρ′) ≡ δ(t− t′)δ(u−
u′)δ(y − y′)δ(z − z′), Dρ ≡ dtdudydz, and
Πsr,r′ = ∆+δr,r′δs,r + (1− δs,r)
[
δr,r′
+
{
θ(r′ − r)(−1)r′−r
√
Γ(s+ r)Γ(s− r)
Γ(s+ r′)Γ(s− r′)
×
(
∆+
√
(s2 − r2)
(s2 − r′2) + ∆−
)
+ r → r′
}]
,(II.35)
with ∆± given in (II.8). These relations are similar
to the results presented in [13]. Note that the term
proportional to δr,s isolates the contribution of the
lowest energy level, characterized by s = r. This term
is also proportional to ∆+, implying that the spin
5
orientation in the lowest energy level for eB0 > 0 is
positive. What concerns the contribution of higher
energy levels, we had to distinguish between r = r′,
r > r′ and r < r′ cases. This is because plugging Ep
from (II.31) and (II.32) in the l.h.s. of (II.34), leads
in general to the orthonormality relations similar to
(A.1) in App. A, where r and r′ are not necessarily
equal. In App. A, the orthonormality relation (A.1)
is determined separately for r = r′, r > r′ and r < r′.
Using these results, it is straightforward to derive the
remaining terms in (II.35), arising from higher energy
levels.
To determine the Ritus momentum p˜, we insert
the above solution (II.31) and (II.32) for Ep in (II.2).
After some straightforward algebraic manipulations,
where we use the recursion relations of the Laguerre
polynomials L2rn (u), we arrive at
(γ · Π)Ep = Ep[γ0p0 + γ2α
√
n(n+ 2r)− γ3p3]. (II.36)
Here, n = s − r and α = ξ√eB0. Compar-
ing the r.h.s. of (II.36) with (II.2), we get p˜ =(
p0, 0,−α
√
n (n+ 2r), p3
)
, which can alternatively
be given in terms of (s, r) and ξ as
p˜κ =
(
p0, 0,−ξ
√
eB0κ, p3
)
, (II.37)
with κ ≡ s2 − r2. Using (II.37), the energy disper-
sion relation of a single electron in an exponentially
decaying magnetic field is given by
Eκ =
√
ξ2eB0κ+ p23 +m
2, (II.38)
which is to be compared with the energy dispersion
relation of an electron in the presence of a constant
magnetic field from (II.18). Let us notice, that al-
though n = s− r labels the energy levels, in contrast
to the case of constant magnetic field, κ = s2 − r2
determines the ordering of energy levels. Because of
the above mentioned conditions for the integer quan-
tum numbers r > 0, s ≥ r (or n ≥ 0), some value of
κ are not allowed. The simplest way to determine κ,
is to write it in terms of n and r as κ = n(n + 2r).
Choosing r = 1, 2, · · · , then κ turns out to be κ = 0
for n = 0 (or all values of r = s), κ = 3, 5, 7, · · · , 1+2r
for n = 1, κ = 8, 12, 16, · · · , 2(2 + 2r) for n = 2, etc.
In Secs. III and IV, the summation over energy levels
in an exponentially decaying magnetic field will be re-
placed by
∑∞
r=1
∑∞
s=r g(r, s). Here, g(r, s) is a generic
function, that depends on the quantum numbers r and
s. According to the above descriptions, the lowest en-
ergy level is then characterized by
∑∞
r=1 g(r, s = r),
or equivalently by
∑∞
r=1 g(r, n = 0).
Following the description presented at the end of
the previous section, the fermion propagator of an
electron in an exponentially decaying magnetic field
is given by (see also [13])
G(ρ, ρ′) ≡ 〈ψ(ρ)ψ¯(ρ′)〉
= α2
∞∑
r=1
∞∑
s=r
∫
d2p‖
(2π)2
Ep(ρ)
i
(γ · p˜κ −m) E¯p(ρ
′),
(II.39)
where Ep(ρ) and p˜κ are given in (II.31)-(II.32) and
(II.37), respectively. Using (II.2) and the closure of
Ep(ρ) from (II.33), it is easy to verify
(γ ·Π−m)G(ρ− ρ′) = δ4(ρ− ρ′), (II.40)
where δ4(ρ−ρ′) ≡ αδ(t− t′)δ(u−u′)δ(y−y′)δ(z−z′).
Here, as in the case of constant magnetic fields, since
we are working with eB0 > 0, the spin orientation in
the lowest energy level is fixed to be positive, and the
negative spin electrons contribute only to higher en-
ergy levels. These facts are explicitly implemented in
the choice n = s− r = 0, 1, 2, · · · for positive spin so-
lution F 2rn (u) and n = s− r = 1, 2, 3, · · · for negative
spin solution F 2rn−1(x) in (II.29) and (II.30), respec-
tively.5
III. FERMION CONDENSATE 〈ψ¯ψ〉 IN
EXTERNAL MAGNETIC FIELDS
In this section, we will determine the fermion conden-
sate 〈ψ¯ψ〉 in the presence of constant and exponen-
tially decaying magnetic fields. The fermion conden-
sate is defined by [20]
〈ψ¯ψ〉 = − lim
x→x′
tr[GF (x− x′)], (III.1)
where GF (x − x′) is the fermion propagator in the
presence of an external magnetic field, in general. In
[5], Schwinger’s proper-time formalism is used to de-
termine 〈ψ¯ψ〉 in a constant magnetic field in the LLL
approximation. In this section, we will use the Ri-
tus method, and in particular, our results from the
previous section to determine 〈ψ¯ψ〉 first in a constant
and then in an exponentially decaying magnetic field,
in the LLL approximation, at finite temperature and
chemical potential.
A. 〈ψ¯ψ〉 in constant magnetic fields
To determine the fermion condensate in a constant
magnetic field, let us replace G(x¯ − x¯′) from (II.19)
5 In other words, F 2r−1(u) is undefined and is to be neglected,
whenever it appears in a computation.
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in (III.1). Performing the traces over γ-matrices, we
arrive at
〈ψ¯ψ〉c = −2im
∞∑
p=0
∫
dp0dp2dp3
(2π)3
1
(p20 − ω2p)
×{[f+p (x)]2 + [f+p−1(x)]2}, (III.2)
where according to (II.17), the ωp for eB0 > 0 is de-
fined by ω2p ≡ 2eB0p+p23+m2. In the LLL approxima-
tion, we shall set p = 0. Using the definition of f+p (x)
from (II.16), and after performing the integration over
p2, ∫
dp2
2π
[f+0 (x)]
2 =
eB0
2π
, (III.3)
we arrive at
〈ψ¯ψ〉c
LLL
= − imeB0
π
∫
dp0dp3
(2π)2
1
(p20 − ω20)
, (III.4)
where ω20 ≡ p23 +m2. The dimensional reduction into
two longitudinal dimensions p‖ = (p0, p3), which oc-
curs whenever the LLL approximation is used [5], can
be observed in (III.4). To evaluate (III.4), we use
∫
d2p‖
(2π)2
1
(p2‖ −m2)
Λ≫ m−→ i
4π
ln
(
m2
Λ2
)
, (III.5)
which yields the fermion condensate in the presence of
a constant magnetic field in the lowest Landau level,
〈ψ¯ψ〉c
LLL
=
meB0
4π2
ln
(
m2
Λ2
)
+O(m). (III.6)
Here, Λ is an appropriate momentum cutoff. This
result coincides exactly with the result presented in
[5], where the method of proper-time is used. Note
that although no integration over the coordinates x¯ =
(t, x, y, z) is performed here, the condensate (III.6) is
constant in x¯. This is mainly because of the special
form of f+0 (x) from (II.16) and arises from the in-
tegration over p2 in (III.3). In Sec. III B, we will
show that in the presence of an exponentially decay-
ing magnetic field, the condensate 〈ψ¯ψ〉 in the LLL
depends nontrivially on x. Let us also notice that in
massless QED, the mechanism of magnetic catalysis
[4, 5] is made responsible for dynamically breaking of
chiral symmetry and the generation of a finite dynam-
ical mass in the LLL. Moreover, as it is shown in [21],
apart from a dynamical mass induced by the external
magnetic field in the LLL, an anomalous magnetic mo-
ment is also induced, so that the dynamical mass in
the LLL is to be replaced by the rest energy E0, which
is a combination of the induced dynamical mass and
the anomalous magnetic moment in the LLL. In this
paper, we do not consider the effects of dynamically
induced anomalous magnetic moment on the dynam-
ically generated fermion mass. The latter arises ei-
ther as a solution of an appropriate Schwinger-Dyson
equation in a ladder approximation or by solving a
corresponding gap equation to an appropriate effec-
tive potential in the mean field approximation. In
what follows, we will compute 〈ψ¯ψ〉c
LLL
from (III.6)
at finite temperature T and finite density µ. To do
this we use the standard imaginary time formalism,
and replace p0 in (III.4) by ip4 = i(ωℓ + iµ), where
ωℓ = π(2ℓ + 1)T is the Matsubara frequency labeled
by ℓ. Thus the integration over p0 is to be replaced
by
∫
dp4
2π
→ 1
β
∞∑
ℓ=−∞
, (III.7)
where β−1 ≡ T . The fermion condensate 〈ψ¯ψ〉c
LLL
at
finite T and µ is therefore given by
〈ψ¯ψ〉c
LLL
= −meB0
πβ
∞∑
ℓ=−∞
∫
dp3
2π
1
(p24 + p
2
3 +m
2)
.
(III.8)
To evaluate the integration over p3 and the summation
over ℓ, the relation
1
β
∞∑
ℓ=−∞
∫
ddp
(2π)d
(p2)ap2t4
(p24 + p
2 +m2)σ
=
1
2(4π)d/2Γ(σ)β
Γ
(
d
2 + a
)
Γ
(
d
2
) (2π
β
)−2σ+d+2(t+a)
×
∞∑
k=0
(−1)k
k!
Γ
(
σ − a+ k − d
2
)[
ζ
(
2 (σ + k − t− a)− d; 1
2
− iβµ
2π
)
+ (µ→ −µ)
](
mβ
2π
)2k
, (III.9)
from [22] will be used. This relation (III.9) is orig-
inally derived in [23] for µ = 0. In (III.9), ζ (s; a)
is the Hurwitz zeta function defined by ζ(s; a) =∑∞
k=0(k + a)
−s, where any term with k + a = 0 is
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excluded. In an evaluation up to O((mβ)4), we get
finally
〈ψ¯ψ〉c
LLL
= −meB0
8π2
{
2 ln
(
mβ
2π
)
− γE
−
[
ψ
(
1
2
+
iβµ
2π
)
+ ψ
(
1
2
− iβµ
2π
)]
− (mβ)
2
8π2
[
ζ
(
3;
1
2
+
iβµ
2π
)
+ ζ
(
3;
1
2
− iβµ
2π
)]}
+O((mβ)4), (III.10)
where γE ∼ 0.557 is the Euler-Mascheroni number
and ψ(z) the polygamma function, defined by ψ(z) =
d
dz ln Γ(z). It arises by an appropriate regularization
of ζ(1; a) using
lim
ǫ→0
ζ(1 + ǫ; a) = lim
ǫ→0
1
ǫ
− ψ(a). (III.11)
In (III.10), the divergent 1/ǫ term is neglected, and
the identity ψ(1/2) = −γE − 2 ln 2 is used.
B. 〈ψ¯ψ〉 in exponentially decaying magnetic
fields
The chiral condensate in an exponentially decaying
magnetic field is given by (III.1), where SF (x− x′) is
to be replaced by G(ρ − ρ′) from (II.39). Performing
the trace of Dirac matrices, we get first
〈ψ¯ψ〉 = −2iξ2meB0
∞∑
r=1
∞∑
s=r
∫
dp0dp3
(2π)2
1
(p20 − ω2κ)
×{[F 2rn (u)]2 + [F 2rn−1(u)]2}, (III.12)
where, according to (II.37), ω2κ ≡ ξ2eB0κ+p23+m2 and
κ = s2 − r2. The expression on the r.h.s. of (III.12)
includes the contributions of all energy levels, denoted
by r and s, and the terms proportional to (F 2rn )
2 and
(F 2rn−1)
2 correspond to the contributions of electrons
with positive and negative spins, respectively. In the
presence of strong magnetic fields, assuming that the
dynamics of the system is solely determined by the
LLL, the fermion condensate is given by
〈ψ¯ψ〉LLL = −2iξ2meB0e−u[cosh(u)− 1]
×
∫
dp0dp3
(2π)2
1
(p20 − ω20)
, (III.13)
in contrast to (III.4). The u-dependent factor behind
the integral arises by setting n = 0 in (III.12) and
using L2r0 = 1 and
∞∑
r=1
[F 2r0 (u)]
2 = e−u
∞∑
r=1
u2r
(2r)!
= e−u (coshu− 1) .
Note that in (III.13), the same dimensional reduction
to two dimensions, as in the case of constant mag-
netic field, occurs. Evaluating the p‖-integration us-
ing (III.5), we get
〈ψ¯ψ〉LLL = ξ
2meB0
2π
e−u (coshu− 1) ln
(
m2
Λ2
)
+O(m). (III.14)
In contrast to (III.6), the fermion condensate in an ex-
ponentially decaying magnetic field, (III.14), depends
on u = 2ξ2 e
−ξη with η ≡ x/ℓB, and ℓB = (eB0)−1/2,
the magnetic length corresponding to B0, the value
of the magnetic field at x = 0. Following the same
method to introduce finite temperature and chemical
potential as in the Sec. III A, we arrive at
〈ψ¯ψ〉LLL = −ξ
2meB0
4π
e−u(cosh(u)− 1)
{
2 ln
(
mβ
2π
)
−γE −
[
ψ
(
1
2
+
iβµ
2π
)
+ ψ
(
1
2
− iβµ
2π
)]
− (mβ)
2
8π2
[
ζ
(
3;
1
2
+
iβµ
2π
)
+ ζ
(
3;
1
2
− iβµ
2π
)]}
+O((mβ)4). (III.15)
In Sec. V, we will compare the chiral conden-
sates (III.6) and (III.14), as well as (III.10) and
(III.15), arising from constant and exponentially de-
caying magnetic fields, respectively.
IV. LOCAL ELECTRIC CURRENT
CORRELATION FUNCTION IN EXTERNAL
MAGNETIC FIELDS
In this section, we will determine the local electric cur-
rent correlation function χ(i)(x) in homogeneous and
inhomogeneous magnetic fields. It is defined generi-
cally by
χ(i)(x) ≡ lim
x′→x
∑
n
χ(i)n (x, x
′), (IV.1)
with
χ(i)n (x, x
′)
≡
∫
DxˆDxˆ′tr[γiG(n)F (x¯, x¯′)γiG(n)F (x¯′, x¯)], (IV.2)
where i = 1, 2, 3 are the spatial dimensions, and the
sub- and superscripts n on χ
(i)
n and G
(n)
F indicate the
contribution of each energy (Landau) level to the lo-
cal electric current correlation function χ(i)(x) and
the fermion propagator GF , respectively. Moreover,
Dxˆ ≡ dtdydz and x¯ = (t, x, y, z). Up to an integration
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over x,6 the above definition is consistent with the def-
inition of electric current susceptibility χ(i) presented
in [18]. In what follows, we will replace GF (x¯ − x¯′)
in (IV.2) by (II.19) and (II.39) to determine the local
electric current correlation function in constant and
exponentially decaying magnetic fields, respectively.
A. χ(i)(x) in constant magnetic fields
For a constant magnetic field, the contribution of
χ
(i)
p (x, x′) corresponding to each Landau level, labeled
by p, is given by
χ(i)p (x, x
′) =
∫
DxˆDxˆ′tr[γiGp(x, x′)γiGp(x′, x)],
(IV.3)
where Dxˆ = dtdydz. Using (II.19) and plugging
Gp(x, x
′) =
∫
Dp¯ eip¯·(x¯−x¯′)Pp(x) i
γ · p˜p −mPp(x
′),
(IV.4)
with Pp(x) from (II.11) and p˜p from (II.17) in (IV.3),
we arrive after integrating over coordinate and mo-
mentum variables, and taking the limit x′ → x, first
at
χ(i)p (x) = lim
x′→x
χ(i)p (x, x
′)
= i
LyLz
T
∫ Dp¯
(p20 − ω2p)2
tr[γiPp(x) (γ · p˜p +m)Pp(x)
× γiPp(x) (γ · p˜p +m)Pp(x)]. (IV.5)
Here, Ly and Lz are constant lengths of our probe in
second and third spatial directions. They arise from
the integration over y and z, respectively. The tem-
perature T in (IV.5) arises from the integration over
the compactified imaginary time τ ≡ it ∈ [0, β], where
β = T−1. Performing then the trace over Dirac ma-
trices, and summing over all Landau levels, we get
χ(i)(x) = 2i
LyLz
T
∞∑
p=0
∫
dp0dp2dp3
(2π)3
N (i)p
(p20 − ω2p)2
, (IV.6)
where ω2p = p˜
2
2+p3+m
2 with p˜22 = 2eB0p for eB0 > 0
[see (II.17)], and
N (1)p = 2(p20 − ω2p)[f+p (x)]2[f+p−1(x)]2,
N (2)p = 2(p20 − ω2p + p˜22)[f+p (x)]2[f+p−1(x)]2,
N (3)p = [p20 − ω2p + 2(p23 − p˜22)][f+p (x)]4
+[p20 − ω2p + 2(p23 + p˜22)][f+p−1(x)]4. (IV.7)
6 The x direction is specified, because of the specific Landau
gauge, which fixes Aµ as is described in Sec. II A.
Note that in general the contribution in the transverse
directions i = 1, 2 are not equal. However, in the
presence of strong magnetic field, where the dynamics
of the system is reduced to the lowest Landau level,
p = 0, and we have therefore
N (1)0 = N (2)0 = 0, (IV.8)
which lead to vanishing electric correlation functions
in the transverse directions, i.e. χ⊥0 = 0. As concerns
the electric current correlation function in direction
parallel to the external magnetic field, χ
‖
0, plugging
N (3)0 = (p20 − ω20 + 2p23)[f+0 (x)]4, (IV.9)
from (IV.7) in (IV.6), using the definition of f+0 (x)
from (II.16), and integrating over p2,
∫
dp2
2π
[f+0 (x)]
4 =
(
eB0
2π
)3/2
, (IV.10)
we arrive at
χ
‖
0 =
2iLyLz
T
(
eB0
2π
) 3
2
∫
dp0dp3
(2π)2
(p20 − ω20 + 2p23)
(p20 − ω20)2
.
(IV.11)
Introducing the temperature as in the previous sec-
tion, and using (III.9) to perform the sum over ℓ, la-
beling the Matsubara frequencies in
1
β
∞∑
ℓ=−∞
∫
dp3
2π
[
1
(p24 + p
2
3 +m
2)
− 2p
2
3
(p24 + p
2
3 +m
2)2
]
=
1
4π
, (IV.12)
we arrive finally at the components of the electric cor-
relation function in the transverse and longitudinal
directions with respect to a constant and strong mag-
netic field in the LLL approximation
χ⊥0 = 0,
χ
‖
0 =
LyLz
2πT
(
eB0
2π
)3/2
. (IV.13)
Note that whereas χ⊥0 = 0, the non-vanishing χ
‖
0 does
not depend on x, although no integration over x is per-
formed in the definition (IV.3) of χ
(i)
p (x) from (IV.3).
To arrive at (IV.13), the result from (IV.12) is used.
In the chiral limit m→ 0, both integrals appearing on
the l.h.s. of (IV.12) are infrared (IR) divergent, and
the (bare) fermion mass m, plays the role of an IR
regulator. Using the relation (III.9) to expand these
integrals in a high-temperature expansion, the IR di-
vergences of the integrals appearing in (IV.12) cancel
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and we are left with an exact, m independent solu-
tion for χ
‖
0, which does not also depend on the chem-
ical potential µ. Note that the above result (IV.13)
suggests that for eB0 ≪ T 2 and LyLz ≪ ℓ2B with
ℓB = (eB0)
−1/2, apart from χ⊥0 , χ
‖
0 also vanishes.
The electric susceptibility of a massless magne-
tized QED at zero temperature is recently studied in
[24]. According to the mechanism of magnetic cataly-
sis [4, 5], in massless QED, the exact chiral symmetry
of the original QED Lagrangian is dynamically bro-
ken by the external magnetic field. In [24], it is shown
that the electric susceptibility in the chirally broken
phase at zero temperature is independent of the ap-
plied magnetic field. It would be interesting to extend
the results presented in [24] to finite temperature and
study the temperature dependence of electric suscep-
tibility in chirally broken and symmetric phases of a
magnetized QED. This is indeed an open question and
we hope to come back to this point in the future.
B. χ(i)(u) in exponentially decaying magnetic
fields
In the case of exponentially decaying magnetic fields,
the dimensionless coordinate u plays the same rule as
x in the previous section. Thus, defining
χ(i)κ (u, u
′) =
∫
DxˆDxˆ′tr[γiGκ(ρ, ρ′)γiGκ(ρ′, ρ)],
(IV.14)
in analogy to (IV.3), using (II.39) and plugging
Gκ(x, x
′) = ξ2eB0
∫
dp0dp3
(2π)2
eip¯·(x¯−x¯
′)
×P 2rn (u)
i
γ · p˜κ −mP
2r
n (u
′), (IV.15)
with P 2rn (x) from (II.32) and p˜κ from (II.37) in
(IV.14), we arrive after taking the limit u′ → u at
χ(i)κ (u) = lim
u′→u
χ(i)κ (u, u
′)
=
iα3LyLz
T
∫
dp0dp3
(2π)2
1
(p20 − ω2κ)2
×tr[γiP 2rn (u) (γ · p˜κ +m)P 2rn (u′)
×γiP 2rn (u′) (γ · p˜κ +m)P 2rn (u)], (IV.16)
where α = ξ
√
eB0, n = s−r, and, according to (II.37),
ω2κ = p˜
2
2+ p
2
3+m
2 with p˜22 = ξ
2eB0κ and κ = s
2− r2.
After performing the trace over Dirac matrices, the
local electric current correlation function including the
contributions of all energy levels reads
χ(i)(u) =
2iα3LyLz
T
∞∑
r=1
∞∑
s=r
∫
dp0dp3
(2π)2
N (i)r,s
(p20 − ω2κ)2
.
(IV.17)
For different directions, i = 1, 2, 3, the nominator N (i)r,s
is given by
N (1)r,s = 2(p20 − ω2κ)[F 2rn (u)]2[F 2rn−1(u)]2,
N (2)r,s = 2(p20 − ω2κ + 2p˜22)[F 2rn (u)]2[F 2rn−1(u)]2,
N (3)r,s = [p20 − ω2κ + 2(p23 − p˜22)][F 2rn (u)]4
+[p20 − ω2κ + 2(p23 + p˜22)][F 2rn−1(u)]4, (IV.18)
where F 2rn (u) is defined in (II.29). In the LLL, where,
according to our explanations in Sec. II B, s = r and
therefore κ = 0, the only contribution to χ(i) arises
from the positive spin particles. We get therefore
N (1)r,s=r = N (2)r,s=r = 0, (IV.19)
leading to vanishing transverse components of the
electric current correlation function in the LLL ap-
proximation, i.e. χ⊥
LLL
= 0. The same effect is also
observed in the case of constant magnetic fields in see
Sec. IVA. Moreover we get,
N (3)r,s=r = (p20 − ω20 + 2p23)[F 2r0 (u)]4. (IV.20)
Plugging (IV.20) in (IV.17), we arrive first at
χ
‖
LLL(u) =
2iα3LyLz
T
∞∑
r=1
[F 2r0 (u)]
4
×
∫
dp0dp3
(2π)2
(p20 − ω20 + 2p23)
(p20 − ω20)2
, (IV.21)
where ‖ denotes the third (longitudinal) component of
χ(i) in the LLL approximation. In (IV.21), as in Sec.
III B, the summation over r can be performed using
∞∑
r=1
[F 2r0 (u)]
4 = e−2u
∞∑
r=1
(
u2r
(2r)!
)2
=
e−2u
2
[
(I0(2u) + J0(2u))− 2
]
, (IV.22)
and L2r0 = 1. Here, I0(z) and J0(z) are zeroth order
modified Bessel functions I and J . Plugging (IV.22)
in (IV.21), we arrive at
χ
‖
LLL(u) =
iα3LyLz
T
e−2u
[
(I0(2u) + J0(2u))− 2
]
×
∫
dp0dp3
(2π)2
(p20 − ω20 + 2p23)
(p20 − ω20)2
. (IV.23)
Introducing the temperature and finite density, using
the method introduced in the previous section, and us-
ing (IV.12) to perform the integration over p3 and the
sum over the Matsubara frequencies, the transverse
and longitudinal components of the local electric cur-
rent correlation function in the LLL approximation
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read
χ⊥
LLL
= 0,
χ
‖
LLL(u) =
ξ3(eB0)
3/2 LyLz
4πT
×e−2u[I0(2u) + J0(2u)− 2]. (IV.24)
In the next section, we will compare local electric cur-
rent correlation functions (IV.13) and (IV.24) arising
from constant and exponentially decaying magnetic
fields, and discuss the remarkable property of (IV.24)
in the limit ξ → 0.
V. DISCUSSIONS
In the previous sections, the chiral condensate 〈ψ¯ψ〉
and local electric current correlation function χ(i) are
computed in the presence of constant and exponen-
tially decaying magnetic fields in the LLL approxima-
tion. As it turns out the transverse (i = 1, 2) compo-
nents of χ(i) vanish in this approximation. Moreover,
whereas in the presence of constant and strong mag-
netic fields 〈ψ¯ψ〉c
LLL
from (III.6) and χ
‖
0 from (IV.13)
are constant (as a function of coordinates), they de-
pend, in the presence of exponentially decaying mag-
netic fields, on a variable u defined by u = 2ξ2 e
−ξη.
Here, η is proportional to the coordinate x, and is
given explicitly by η = x/ℓB, where the magnetic
length ℓB = (eB0)
−1/2. To give an explicit exam-
ple on η, let us take eB0 = 15m
2
π ∼ 0.3 GeV2, with
the pion mass mπ ∼ 140 MeV. This corresponds to
a magnetic field B0 ∼ 5 × 1019 Gauß,7 which is the
typical magnetic field produced in the early stages of
heavy ion collisions at LHC [26] or exists in the in-
terior of compact stars [27]. In this case, the corre-
sponding magnetic length is given by ℓB ∼ 0.4 fm.8
Taking η = 4, for instance, would mean a distance
x = 4ℓB ∼ 1.6 fm from the origin at x = 0, etc. Note
that for the above mentioned LLL approximation to
be reliable, we have to consider only small damping
parameter ξ and consider the probe in small η from
the origin x = 0 with B(x = 0) = B0.
In this section, we will compare the values of
〈ψ¯ψ〉c
LLL
from (III.6) with 〈ψ¯ψ〉LLL from (III.14), as
well as χ
(i)
0 from (IV.13) with χ
(i)
LLL from (IV.24), in
order to explore the effect of inhomogeneity of the
external magnetic field, especially once quantum cor-
rections are taken into account. To do this, let us first
7 We are working in the units where eB = 1 GeV2 corresponds
to B0 ∼ 1.7× 1020 Gauß [25].
8 As it turns out, the magnetic length ℓB for eB0 = 1 GeV
2 is
given by ℓB ∼ 0.63 fm.
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FIG. 1: The ratio Cξ(η) = 〈ψ¯ψ〉LLL/〈ψ¯ψ〉
c
LLL is plotted as
a function of η = x/ℓB with ℓB = (eB0)
−1/2 for different
damping parameters ξ = 0.5, 1, 1.26, 2.5. The condensates
〈ψ¯ψ〉LLL and 〈ψ¯ψ〉
c
LLL are defined in (III.14) and (III.6),
respectively. For the damping factor ξ ∼ 1.26, the ratio
Cξ(η) is maximized at η = 0 (or equivalently x = 0).
define the ratio
Cξ(η) ≡ 〈ψ¯ψ〉LLL〈ψ¯ψ〉c
LLL
= 2πξ2e−u (cosh(u)− 1) , (V.1)
with u = 2ξ2 e
−ξη and η = x/ℓB.
In Fig. 1, Cξ(η) is plotted for different damping pa-
rameters ξ = 0.5, 1, 1.26, 2.5 as a function of η = x/ℓB.
Depending on the damping parameter ξ, the conden-
sate 〈ψ¯ψ〉LLL arising from an exponentially decaying
magnetic field is up to a factor 2.5 greater than the
condensate 〈ψ¯ψ〉c
LLL
in the presence of a uniform mag-
netic field. For ξ ∼ 1.26 the maximum value of the
condensate 〈ψ¯ψ〉LLL arises at η = 0 or equivalently at
x = 0. Let us notice that this interesting observation
is indeed in contradiction to our prior expectation,
according to which we expect Cξ(η) = 1 at η = 0 (or
equivalently at x = 0), because B(x = 0) = B0 is
constant. This indicates the singular nature of η = 0
(or equivalently x = 0), once quantum fluctuations
produce a nonvanishing chiral condensate 〈ψ¯ψ〉.
The singular nature of Cξ(η) for ξ = 0 is explored
in Fig. 2, where the same ratio Cξ(η) is plotted as
a function of the damping factor ξ for η = 0, 0.5, 1, 2
(or equivalently for x = 0, ℓB/2, ℓB, 2ℓB). For η = 0,
Cξ(0) is maximized at ξ ∼ 1.26. For η 6= 0, how-
ever, the maxima of Cξ(η) are shifted to smaller val-
ues of ξ. At ξ = 0, the condensate 〈ψ¯ψ〉LLL, arising
from an exponentially decaying magnetic field, van-
ishes for all demonstrated values of η. This is again
in contradiction to our prior expectation, according to
which we expect Cξ(η) = 1 for ξ = 0. This is because
for ξ = 0 the exponentially decaying magnetic field
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FIG. 2: The ratio Cξ(η) = 〈ψ¯ψ〉LLL/〈ψ¯ψ〉
c
LLL from (V.1)
is plotted as a function of the damping factor ξ for η =
0, 0.5, 1, 2 (or equivalently for x = 0, ℓB/2, ℓB, 2ℓB with
ℓB = (eB0)
−1/2) from above to below. For η = 0, the
Cξ(η) is maximized at ξ ∼ 1.26. For η 6= 0 (or equivalently
x 6= 0), the maxima are shifted to smaller values of ξ. For
all values of η, the condensate 〈ψ¯ψ〉LLL, arising from an
exponentially decaying magnetic field, vanishes at ξ = 0.
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FIG. 3: The ratio B(x)/B0 = e
−ηξ with η = x/ℓB and
ℓB = (eB0)
−1/2, is plotted as a function of the damping
factor η for ξ = 0, 0.5, 1, 2 from above to below.
B(x) = B0e
−ξη becomes constant (see Fig. 3).
The same singular behavior at η = 0 and ξ = 0 is
also observed when we repeat the above analysis for
the ratio
χξ(η) ≡ χ
‖
LLL(u)
χ
‖
0
=
√
2π3ξ3e−2u[I0(2u) + J0(2u)− 2], (V.2)
where χ
‖
0 from (IV.13) and χ
‖
LLL(u) from (IV.24) are
local electric current correlation functions in the pres-
ence of a uniform and an exponentially decaying mag-
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FIG. 4: The ratio χξ(η) = χ
‖
LLL(u)/χ
‖
0 from (V.2) is plot-
ted as a function of η = x/ℓB with ℓB = (eB0)
−1/2 for
different damping parameters ξ = 0.1, 0.2, · · · , 1, 1.26, 2.
For ξ ∼ 1.26, the ratio χξ(η) is maximized at η = 0.
netic fields, respectively. Here, as before, u = 2ξ2 e
−ξη
and η = x/ℓB, with ℓB = (eB0)
−1/2.
In Fig. 4, the ratio χξ(η) is plotted for ξ =
0.3, 0.4, · · · , 2 as a function of η. The fact that
χξ(η) 6= 1 for η = 0 is again in contradiction to
our prior expectation: We know that the x-dependent
magnetic field B(x) = B0e
−ηξ becomes constant for
η = 0 (or equivalently x = 0), and therefore the prior
expectation is that χξ(η) = 1 as well as Cξ(η) = 1 for
η = 0. The above observation demonstrates again the
singular nature of the limit x→ 0, once the quantum
effects are to be considered. Another remarkable point
here is that, according to Fig. 2, for η = 0 (or equiv-
alently x = 0) and in the interval 0.5 . ξ . 4, the
ratio Cξ(η) ≥ 1, whereas according to Fig. 4 (see also
Fig. 5), χξ(η) ≤ 1 for η = 0 and in the same interval
0.5 . ξ . 4. In other words, for η = 0 and in the
12
interval 0.5 . ξ . 4,9 the value of the electric current
correlation function χ
‖
0 arising from a constant mag-
netic field is always larger than χ
‖
LLL(u) arising from
an exponentially decaying magnetic field, whereas in
the same interval of ξ, 〈ψ¯ψ〉c
LLL
arising from a constant
magnetic field is always smaller than 〈ψ¯ψ〉LLL arising
from an exponentially decaying magnetic field.
In Fig. 5, the same ratio χξ(η) from (V.2) is plot-
ted as a function of the damping factor ξ for fixed
η = 0, 0.5, 1, 2 (or equivalently for x = 0, ℓB/2, ℓB, 2ℓB
with ℓB = (eB0)
−1/2) from above to below. As it
turns out the value of χ
‖
LLL(u) for ξ → 0 vanishes, in
contrast to our expectation.
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FIG. 5: The ratio χξ(η) from (V.2), is plotted as a func-
tion of the damping factor ξ for η = 0, 0.5, 1, 2 (or equiva-
lently for x = 0, ℓB/2, ℓB, 2ℓB with ℓB = (eB0)
−1/2) from
above to below. For η = 0, χξ(η) is maximized at ξ ∼ 1.26.
For η 6= 0 (or equivalently x 6= 0), the maxima are shifted
to smaller values of ξ. For all values of η, χ
‖
LLL(u) vanishes
at ξ = 0.
The second observation from Fig. 5 is that the
maxima of χξ(η) are shifted to smaller values of ξ
for increasing η. In Fig. 6, the values of ξ that maxi-
mize the ratios defined in (V.1) [blue circles] and (V.2)
[green rectangles] are plotted as a function of η. They
are almost the same. This indicates a certain rela-
tion between the formation of chiral condensates and
the value of electric current correlation function in a
system including relativistic fermions.
This relation is demonstrated in Figs. 7a-7c, where
χξ(η) from (V.2) is plotted as a function of Cξ(η)
from (V.1) for fixed η = 0, 0.2, 0.5, 1 (or equivalently,
x = 0, ℓB/5, ℓB/2, ℓB) and various damping parame-
9 As before mentioned, the LLL approximation is only reliable
for small values of ξ and η.
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FIG. 6: The values of ξ that maximize the ratios Cξ(η)
from (V.1) [blue circles] and χξ(η) from (V.2) [green rect-
angles] are plotted as a function of η. They almost overlap.
ters ξ = 0.1, · · · , 10. Each dot in Figs. 7a-7c indicates
a value of ξ = 0.1, · · · , 10 with ∆ξ = 0.05. As it
turns out, χξ(η) increases with increasing Cξ(η) for a
certain numbers of ξ (see Fig. 7a). The maximum
value of ξ for which this is true, is different for dif-
ferent η. Let us denote this specific ξ with ξ⋆. For
η = 0, 0.2, 0.5, 1, ξ⋆’s are ξ⋆ ∼ 1.3, 1.1, 0.95, 0.3, re-
spectively. For ξ > ξ⋆, however, χξ(η) decreases with
decreasing Cξ(η) (see Fig. 7b). In Fig. 7c, the two
curves in Fig. 7a and 7b are reassembled and demon-
strate a hysteresis-like curve with increasing ξ. How-
ever, since the LLL approximation is only valid for
small ξ and η, we shall limit us to the values of ξ ≤ ξ⋆
for which χξ(η) increases with increasing Cξ(η) (Fig.
7a).
VI. CONCLUDING REMARKS
In the present paper, the effect of exponentially decay-
ing magnetic fields on the dynamics of Dirac fermions
is explored in detail. Using the Ritus eigenfunction
method, we have first determined the energy spec-
trum of fermions in this non-uniform magnetic field
and compared it with the energy spectrum of rela-
tivistic fermions in a constant magnetic field. We
have then computed the chiral condensate 〈ψ¯ψ〉 and
local electric current correlation function χ(i) in the
presence of strong uniform and non-uniform magnetic
fields in the LLL approximation. In non-uniform mag-
netic fields, 〈ψ¯ψ〉 and χ(i) depend on a dimensionless
variable u = 2ξ2 e
−ξx/ℓB , which is a nontrivial function
of the magnetic field’s damping parameter ξ, the co-
ordinate x and the magnetic length ℓB = (eB0)
−1/2.
13
æææ æ æ æ æ æ æ æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
ààà à à à à à à à
à
à
à
à
à
à
à
à
à
à
ììì ì ì ì ì ì ì
ì
ì
ì
ì
ì
ì
ì
ì
òò ò ò ò ò ò ò ò
ò
ò
ò
ò
ò
0.0 0.5 1.0 1.5 2.0 2.5
0.00
0.02
0.04
0.06
0.08
0.10
CΞHΗL
Χ
Ξ
HΗ
L
HaL
ò Η=1
ì Η=0.5
à Η=0.2
æ Η=0 æææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææææææææææææææææææææææææææææææææææææææææææææææææææææææææææ
àà
à
à
à
à
à
à
à
à
à
à
à
à
à
à
à
à
à
ààààààààààààààààààààààààààààààààààààààààà
ìì
ì
ì
ì
ì
ì
ì
ì
ì
ì
ì
ì
ìììììììììììììììììììììììììì
ò
ò
ò
ò
ò
ò
ò
ò
ò
òòòòòòòòòòòòòòòòò
0.0 0.5 1.0 1.5 2.0 2.5
0.00
0.02
0.04
0.06
0.08
0.10
CΞHΗL
Χ
Ξ
HΗ
L
HbL
ò Η=1
ì Η=0.5
à Η=0.2
æ Η=0
æææ æ æ æ æ æ æ æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æææææææææææææææææææææææææææææææææææææææææææææææææææææààà à à à à à à à
à
à
à
à
à
à
à
à
à
ààà
à
à
à
à
à
à
à
à
à
à
à
à
à
à
à
à
à
ààààààààààààààààààààààààààààààààààììì ì ì ì ì ì ì
ì
ì
ì
ì
ì
ì
ì
ììì
ì
ì
ì
ì
ì
ì
ì
ì
ì
ì
ì
ìììììììììììììììììììòò ò ò ò ò ò ò ò
ò
ò
ò
ò
òòò
ò
ò
ò
ò
ò
ò
ò
òòòòòòòòòòòòò
0.0 0.5 1.0 1.5 2.0 2.5
0.00
0.02
0.04
0.06
0.08
0.10
CΞHΗL
Χ
Ξ
HΗ
L
HcL
ò Η=1
ì Η=0.5
à Η=0.2
æ Η=0
FIG. 7: The ratio χξ(η) from (V.2) is plotted as a function of the ratio Cξ(η) from (V.1) for fixed η = 0, 0.2, 0.5, 1
(or equivalently, x = 0, ℓB/5, ℓB/2, ℓB) and various damping parameters ξ = 0.1, · · · , 10. Each dot in the above curves
indicates a value of ξ = 0.1, · · · , 10 with ∆ξ = 0.05. For ξ smaller than a certain ξ⋆, χξ(η) increases with increasing
Cξ(η) (panel a). The value of ξ⋆ is different for different η (see the main text). For ξ > ξ⋆, however, χξ(η) decreases with
decreasing Cξ(η) (panel b). The two curves in panels a and b are reassembled in panel c. In the LLL approximation, for
small values of ξ and η, only the behavior demonstrated in panel a is relevant.
In the LLL approximation, the transverse components
of the electric susceptibility, χ
(i)
LLL, i = 1, 2, vanish and
its longitudinal component χ
‖
LLL depends also on the
variable u, only in the presence of exponentially de-
caying magnetic fields. We have shown that the lim-
its ξ → 0 as well as x → 0 are singular. In these
limits, the x-dependent magnetic field becomes con-
stant, and therefore 〈ψ¯ψ〉LLL as well as χ‖LLL arising
from the x-dependent magnetic field are expected to
have the same value as in a constant magnetic field.
But, as it turns out this is not the case. This remark-
able behavior of 〈ψ¯ψ〉LLL as well as χ‖LLL at ξ → 0
and/or x → 0 is discussed in detail in Sec. V. Let us
notice that, mathematically, there is a difference be-
tween taking the limit of a quantity to zero and setting
it exactly equal to zero. This difference is indeed re-
sponsible for the singular behavior of the limits ξ → 0
and/or x→ 0. When we are looking for the solution of
the differential equation (II.22) for non-uniform mag-
netic fields, for instance, the parameter ξ appearing
in u = 2ξ2 e
−ξ√eB0x can be very small (ξ → 0), but
it cannot be set exactly equal to zero. When ξ = 0,
the magnetic field becomes constant, and the differ-
ential equation (II.22), leading to the solution (II.31),
including associated Laguerre polynomials, has to be
replaced by the differential equation (II.13) for con-
stant magnetic fields, leading to Hermite polynomi-
als. There is no way to reproduce the Hermite solu-
tion of the latter case from the associated Laguerre
solution of the former case, by taking ξ → 0. This is
why that although at the classical level the uniform
magnetic field is reproduced in these limits from the
non-uniform magnetic field, neither the energy spec-
trum nor the quantum corrections to 〈ψ¯ψ〉LLL as well
as χ
‖
LLL of the constant magnetic fields can be repro-
duced from their values in the non-uniform magnetic
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n > n′ and r′ > r n > n′ and r′ < r
n− n′ > r′ − r n− n′ = r′ − r n− n′ < r′ − r ≤ n n < r′ − r r − r′ ≤ n′ r − r′ > n′
I1 I2 I3 I4 I5 I6
TABLE I: The integrals Ii, i = 1, · · · , 6 are presented in (A.3) and (A.4).
field by taking the limit ξ → 0.
We have also shown that for small values of x/ℓB
and ξ, where we believe that the LLL approximation
is reliable, the ratio χξ(η) from (V.2) increases with
increasing ratio Cξ(η) from (V.1) up to a maximum
value of ξ, denoted by ξ⋆. As it turns out, the value
of ξ⋆ depends on η (see Sec. V).
Let us notice that electric susceptibility (electric
current correlation function) of a three-flavor color su-
perconductor is recently computed in a strong homo-
geneous magnetic field in [28], and the magnetoelectric
effect in a strongly magnetized quark matter is stud-
ied in detail. The present work is a second nontriv-
ial example on the effect of external magnetic fields,
in general, and spatially decaying magnetic fields, in
particular, on electric current correlation function of a
system containing relativistic Dirac fermions. Apart
from applications in condensed matter physics, the
results of this paper may also be relevant in the con-
text of heavy ion collisions. Here, recent experimental
activities at RHIC indicate the production of intense
magnetic fields in the early stage of non-central heavy
ion collisions [26]. Depending on the initial condi-
tions, e.g. the energy of colliding nucleons and the
corresponding impact parameters, the spatially vary-
ing magnetic fields are estimated to be in the order of
B ∼ 1018− 1019 Gauß, decaying very fast, within few
femtometers to B ∼ 1013 − 1014 Gauß, and vanishing
during the hadronization process [26].
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Appendix A: Orthonormality relations of
associated Laguerre polynomials
In this appendix, we present a number of useful or-
thonormality relations of associated Laguerre polyno-
mials. To do this, let us define the integral
Ir,r
′
n,n′ =
∫ ∞
0
du e−uur+r
′L2rn (u)L2r
′
n′ (u). (A.1)
For r = r′, the standard orthonormality relation of
associated Laguerre polynomials is given by
Ir,rn,n′ =
(n+ 2r)!
n!
δn,n′ . (A.2)
But, in the present paper, we have to consider the
cases, where in general r 6= r′. To determine Ir,r′n,n′ , we
have to distinguish several cases, which are summa-
rized in Tables I and II.
n < n′ and r′ < r n < n′ and r′ > r
n′ − n > r − r′ n′ − n = r − r′ n′ − n < r − r′ ≤ n′ n′ < r − r′ r′ − r < n r′ − r ≥ n
I7 I8 I9 I10 I11 I12
TABLE II: The integrals Ii, i = 7, · · · , 12 are presented in (A.5) and (A.6).
The integrals Ii, i = 1, · · · , 4 for n > n′ and r′ > r are given by
I1 = 0,
I2 =
(−1)r′−r (r′ + r + n′)!
n′!
,
I3 =
(r′−r)−(n−n′)∑
ℓ=0
(−1)n−n′+ℓ (r′ − r)(r′ + r + ℓ− n′)! (r′ − r + ℓ− 1)!
ℓ! (n′ − ℓ)! (n− n′ + ℓ)! (r′ − r − n+ n′ − ℓ)! ,
I4 =
n′∑
ℓ=0
(−1)n−n′+ℓ(r′ − r)(r′ + r + ℓ− n′)!(r′ − r + ℓ− 1)!
ℓ! (n′ − ℓ)! (n− n′ + ℓ)! (r′ − r − n+ n′ − ℓ)! . (A.3)
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For n > n′ and r′ < r, we have
I5 =
r−r′∑
ℓ=0
(−1)ℓ(r − r′)(r′ + r + n′ − ℓ)!(r − r′ + n− n′ + ℓ− 1)!
ℓ! (n′ − ℓ)!(n− n′ + ℓ)!(r − r′ − ℓ)! ,
I6 =
n′∑
ℓ=0
(−1)ℓ(r − r′)(r′ + r + n′ − ℓ)!(r − r′ + n− n′ + ℓ− 1)!
ℓ! (n′ − ℓ)!(n− n′ + ℓ)!(r − r′ − ℓ)! . (A.4)
The integrals Ii, i = 7, · · · , 10 for n < n′ and r′ < r are given by
I7 = 0,
I8 =
(−1)r−r′ (r′ + r + n)!
n!
,
I9 =
(r−r′)−(n′−n)∑
ℓ=0
(−1)n′+ℓ−n (r − r′)(r + r′ − n+ ℓ)! (r − r′ + ℓ− 1)!
ℓ! (n− ℓ)! (n′ − n+ ℓ)! (r − r′ − n′ + n− ℓ)! ,
I10 =
n∑
ℓ=0
(−1)n′−n+ℓ(r − r′)(r + r′ + ℓ− n)!(r − r′ + ℓ− 1)!
ℓ! (n− ℓ)! (n′ − n+ ℓ)! (r − r′ − n′ + n− ℓ)! . (A.5)
For n < n′ and r′ > r, we get
I11 =
r′−r∑
ℓ=0
(−1)ℓ(r′ − r)(r′ + r + n− ℓ)!(r′ − r + n′ − n+ ℓ − 1)!
ℓ! (n− ℓ)!(n′ − n+ ℓ)!(r′ − r − ℓ)! ,
I12 =
n∑
ℓ=0
(−1)ℓ(r′ − r)(r′ + r + n− ℓ)!(r′ − r + n′ − n+ ℓ− 1)!
ℓ! (n− ℓ)!(n′ − n+ ℓ)!(r′ − r − ℓ)! . (A.6)
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